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A  NEW  RELATION  DERIVED  FROM  PLANCK'S  LAW 


By  Paul  D.  Foote,  Assistant  Physicist 

Of  the  many  possible  relations  which  may  be  derived  from  the 
radiation  law  of  Planck  only  a  few  have  received  any  attention. 
The  most  important  of  these  are  the  two  displacement  laws  of 
Wien ;  Xmax0  =  constant  and  /max0~5  =  constant.  Salpeter *  has 
denned  a  function  of  X  and  6  as  follows : 
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where  /x  is  the  intensity  of  radiation  at  absolute  temperature  0 
and  wave  length  X  as  determined  by  Planck's  law.     The  functions 

^r  =  o  and  ->5-=  o  have  roots,  the  former  expression  giving  Xm0  = 
oX  06 

constant  =  2910  micron  degrees  for   C2=\\  450  micron  degrees, 

i.  e.,    identical   with  Wien's   displacement   law,  and  the   latter 

expression  X0max  =  3686  micron  degrees  for  the  same  value  of  C2. 

It  is  evident  that  any  number  of  displacement  laws  may  be 
derived  from  the  Planck  equation.2  Thus,  X'0  =  constant  where 
X'  may  refer  to  any  kind  of  corresponding  points  on  the  energy 
curves  at  various  temperatures,  for  example,  the  point  of  inflec- 
tion on  each  side  of  the  maximum  ordinate,  etc.  The  present 
paper  concerns  the  relation  that  the  product  of  the  absolute  tem- 
perature and  the  X  —  component  of  the  center  of  gravity  of  the 
spectral  energy  curve  is  a  constant.  The  utility  of  this  relation 
is  also  briefly  considered. 

Let 

(1)         /x  =  c1X-5(^-i)"1  =  Planck's  Law 

Xc  =  the  X  —  component  of  the  center  of  gravity 
of  the  curve  /x  versus  X. 

1  Salpeter,  Phys.  Z%,  15,  pp.  764-765;  1914. 

2  See  Buckingham  and  Dellinger,  Bureau  of  Standards  Scientific  Paper  No.  16a,  p.  405. 

479 


480  Bulletin  of  the  Bureau  of  Standards 

Then  by  the  definition  of  center  of  gravity 
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Putx  =  -^-a.     Equation  (2)  becomes: 
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Expanding  {ex—  i)_1  by  division  each  term  in  both  numerator 
and  denominator  takes  the  gamma  function  form,  and  by  the 
relation : 
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equation  (3)  may  be  expressed  as  follows: 
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whence 


(5)         Xc  =  0.37021 


C2 


Equation  (5)  is  the  new  relation  derived  from  Planck's  law. 
Thus,  for  C2=  14450,  XC0  =  535O  micron  deg. 

The  displacement  law  for  the  center  of  gravity  holds,  of  course, 
for  the  entire  family  of  curves  (1)  X  versus  /;  (2)  X  versus  //X; 
(3)  X  versus  //X2,  etc.     This  is  illustrated  as  follows: 


Center  of  gravity  Xc  of 
curve  from  o  to  oo 

(6)  J       vs.  X 

(7)  7/X   vs.  X 

(8)  //X2  vs.  X 

(9)  //V  vs.  X 

(10)  7/Xw  vs.  X 
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Utility  of  the  Above  Relations. — The  obvious  use  to  which  any 
of  the  above  equations  might  be  put  is  the  determination  of  the 
important  constant  C2  from  experimental  observation  on  /  and 
X.  The  observations  in  general  cover  a  range  from  X  =  .5/x  to  X  =  6 
to  20/z  while  the  curves  extend  to  infinity.  The  center  of  gravity 
of  a  finite  portion  of  the  curve  (equation  (6))  say  from  X  =  o  to 
X  =  X'  can  be  determined  with  a  mechanical  integrator  such  as  the 
Amsler  integrator  No.  1.  But  the  center  of  gravity  X'c  of  this 
portion  of  the  curve  will  not  in  general  be  near  enough  to  the 
center  of  gravity  Xc  of  the  complete  energy  curve,  to  permit  its 
use  in  equations  (5)  or  (6)  for  the  determination  of  C2.  The  fol- 
lowing relation,  however,  holds  for  the  center  of  gravity  of  a  finite 

C 
portion  of  the  curve  from  X  =  o  to  X  =  X'  where  p  =  yt|- 
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(11)       v0-^«%5 -nrf  (P) 


Equation  (11)  is  readily  integrable   and  a  curve  of  /  (p)  ver- 
sus p   was    constructed.     By   use   of   this    plot   the   expression 
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can  be  solved  for  C2  by  successive  approximation.  The  solution 
can  be  computed  in  less  than  five  minutes.  The  actual  value  of 
this  method  of  obtaining  C2  depends  upon  the  accuracy  with 
which  X'c  can  be  determined.  Consider  a  curve  extending  from 
o  to  iiju  for  a  temperature  of  18000  abs.  The  center  of  gravity  of 
this  portion  of  the  curve  will  lie  around  2.S/jl.  The  reading  of 
the  integrator  is  good  to  about  .2  per  cent  of  the  total  range  of 
wave  lengths,  iiju,  i.  e.,  to  ±  .02^  .  Thus  X'c  can  be  deter- 
mined to  about  ±  1  per  cent  and  hence,  C2  may  be  computed  to 
this  accuracy,  neglecting  any  consideration  of  errors  in  6,  etc., 
since  we  are  considering  only  mathematical  precision.  The  method 
accordingly,  although  probably  accurate  enough  for  most  radio- 
metric data,  and  possessing  the  advantage  of  being  very  simple 
and  rapid,  does  not  afford  as  satisfactory  a  means  of  computing 
C2  as  the  laborious  Paschen  method  or  similar  methods  based  on 
the  determination  of  X^^. 
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The  present  brief  note  was  written,  not  with  the  primary  ob- 
ject of  suggesting  a  new  method  for  the  determination  of  the  con- 
stant C2,  but  for  the  purpose  of  calling  attention  to  a  new  and  in- 
teresting displacement  law  following  directly  from  the  Planck 
spectral  distribution  equation. 

Washington,  August  17,  191 5. 


